Abstract. We explicitly calculate characteristic functions of cones of generalized polynomials corresponding to Chebyshev systems on intervals of the real line and the circle. Thus, in principle, we calculate homogeneous self-concordant barriers for this class of cones. This class includes almost all "cones of squares" considered in 5]. Our construction, however, does not use this structure and is applicable to a much broader class of cones. Even for "cones of squares" within the considered class our results are new.
Introduction. To apply a modern interior-point technique as it is developed
in 6], it is necessary to know a self-concordant barrier for a feasible domain of a given convex optimization problem. Given a convex domain in a nite-dimensional vector space, there exists an explicit formula for at least one such a barrier, the so-called universal barrier function 6]. For example, let K be a closed convex pointed cone in R n with a nonempty interior. Consider where p 2 int(K); K is the cone dual to K and is the standard Lebesgue measure on R n . Then after an appropriate normalization is the so-called homogeneous self-concordant barrier function. The knowledge of such a function in a "computable" form, enables one, in principle, to develop interior-point algorithms (along with complexity estimates) for optimization problems whose feasibility domain is the intersection of K with an a ne subspace in R n and for many other related problems (through the barrier calculus). Unfortunately, the expression (1.1) requires the evaluation of multidimensional integrals over geometrically complicated domains for the computation of the value of , its gradient and the Hessian at a given point p 2 int(K): This is, in general, computationally too expensive taking into account the original task in question, i.e. solving a convex optimization problem. There are a number of situations where (1.1) can be more or less explicitly calculated. Most of the corresponding cones belong to the class of symmetric cones and (1.1) is then easily expressed in terms of the attached Jordan algebra (see e.g. 3]). A part of the theory of interior-point algorithms admits an in nite-dimensional generalization 7] but the concept of the universal barrier function seems to be essentially nite-dimensional.
In the present paper we signi cantly expand the class of cones for which (1.1) can be explicitly calculated. Respectively, we expand the class of optimization problems to which the modern interior-point technique can be applied. Namely, we consider cones of generalized nonnegative polynomials generated by Chebyshev systems on the intervals of the real line or the unit circle. For such cones we nd more or less explicit expressions for (1.1) only slightly more complicated (in computational sense) than for symmetric cones. In particular, practically all cones considered in 5] can be treated from our viewpoint. Note, however, that the representation of a given cone as a "cone of squares" (and hence the reducibility of a given problem to the semide nite programming)which is crucial for Nesterov's construction, does not play any role in our approach. Thus, our results are applied to a broader class of cones. The calculation of (1.1) is new even for most of the cones considered in 5].
2. Chebyshev systems. We start with several examples of Chebyshev systems.
We then formulate several important for us properties of such systems. Definition 1. A system of real functions u 0 ; : : : ; u n de ned on an abstract set E is called a Chebyshev system (T -system) of order n on E if the determinant det(u i (t j )); i; j = 0; 1; : : :n; does not vanish for any pairwise distinct t 0 ; : : : ; t n 2 E: If the set E is endowed with a topology, one usually assumes that the functions u 0 ; : : : ; u n are continuous on E. In this paper we are mostly interested in the cases where E = a; b] R or E = S 1 (unit circle ). In the latter case, S 1 may be viewed as an interval a; b] with identi ed endpoints. A T-system on a circle is a T-system of functions on a; b) with the additional property that u k (a) = u k (b); k = 0; 1; : : :; n:
Consider several examples of T-systems. V ( (1) ; (2) The next Proposition which is due to N.G. Here B = (b ij ) is 2n 2n skew-symmetric matrix with
and Pf(B) stands for the Pfa an of B.
Proof. Here e 1 ; : : : e 2n is a canonical basis in R 2n and ij are some real numbers. Taking n times the wedge product of with itself, we obtain: we obtain: = n!Pf(B):
We are now in position to calculate the characteristic function of a cone generated by a Chebyshev system of odd order. Applying Proposition 1 to (3.5), we obtain. Observe now that the assumption made in Theorems 5, 6 does not restrict the generality of our approach. is a homogeneous self-concordant barrier. Here F(p) is the characteristic function of the cone K calculated in the previous section and is some positive constant depending in general on K.
